Abstract. Exact solutions of higher order non-linear Schrödinger equation (HNLSE), in the absence of third order dispersion, are obtained. These include periodic solutions with a single frequency, localized solutions of dark and bright type and complex envelope solitons with phase-amplitude coupling. Our procedure connects the solution spaces of HNLSE, NLSE and NLSE with a source, for different parameter regimes. Some of the localized solutions are found to have restrictions on their velocity. The possibility of using periodic solutions, which possess related amplitude and frequency modulation, for communication purpose is pointed out. Singular solutions, pertaining to extreme increase in intensity, are also observed under certain conditions. PACS numbers: 42. 42.65.Dr, 42.65.Tg Higher order NLSE (HNLSE), which is a generalization of NLSE, has been proposed by Kodama [1] and Kodama and Hasegawa [2] , to describe the propagation of short duration (ultrashort femtosecond) pulses in optical fibres and is given by,
Here E is the slowly varying envelope of electric field; subscripts z and t are the spatial and temporal partial derivatives in retarded time coordinates. The different terms describe various interactions, which affect the propagation of femtosecond pulses in optical fibres. The term weighted by α1 represents group velocity dispersion (GVD), α2 represents the self phase modulation (SPM), α3 accounts for the effect of third order dispersion (TOD); α4 and α5 respectively, account for the self steepening and self frequency shift arising from stimulated Raman scattering (SRS). For last many years, significant efforts has gone into the study of the solvability of the above equation. Integrability studies were performed using inverse scattering transform method and Hirota method and a few cases of integrability have been identified: (i) Sasa-Satsuma equation ( α3:α4:(α4 + α5) = 1:6:3) [3] , (ii) Hirota equation ( α3:α4:(α4 + α5) = 1:6:0) [4] (iii) derivative NLSE of type I and type II [5] . Several special solutions of bright and dark type have been obtained in the presence of the third order dispersion [6, 7, 8] . The study of femtosecond pulses in optical fibres is an area of active research [9, 10] . Recently, some special solutions of this equation in the presence of a source term have also been studied [11, 12] . Solutions of this equation with distributed coefficients in restricted parameter regimes have been reported [13] .
A typical solution, with a fast moving component and a slow moving envelope, is of the form
Phase modulated solutions to HNLSE can also be obtained, where the generic form of the solution reads
The phase function is dependent on the position and changes across the entire soliton, in some cases it may even have singularites. In the context of nonlinear optics, where the function ρ(t, z) represents the slowly varying envelope amplitude, such a solution corresponds to what is known as an optical shock. The variation of the phase function with time can give rise to frequency chirping; such solutions are known as chirped solitons.
Starting from equation (1) and writing E(z, t) as A(z, t)e i(κz−ωt) , where A(z, t) is, in general, a complex function, we get an equation in A as,
Here a1 = −2α1ω + 3α3ω 2 ; a2 = α1 − 3α3ω; a3 = α3; a4 = α2 − α4ω; a5 = 2α4 + α5; a6 = α4 + α5 and a7 = κ + α1ω 2 − α3ω 3 . Since, A(z, t) is a complex function, it can be written as ρe iχ , where both ρ and χ are real functions of the travelling coordinate ξ, where ξ= β(t − vz), β being the scale parameter and v being the inverse of group velocity. Equation (4) can be written, by equating real and imaginary parts separately to zero, as a set of coupled equations:
For, α3 = 0, above equations simplify considerably and, as we shall show below, these can be connected to differential equation obeyed by Jacobi elliptic functions and NLSE with a source. The procedure to find the solutions in the latter case has been recently illustrated [14] [15]. Integrating equation (5) once, we have
where k1 is the constant of integration. Substituting above equation into equation (6) one finds,
where θ1=β 2 a2, θ2=
, θ3=
. One can easily see that above equation conserves k2, where
Considering some real function f (ξ) and a constant h, where ρ= √ f + h and given that (f + h) is always positive, we express the above equation in terms of f , which on differentiating once yields:
, provided θ4 = 0. Above equation can be written as,
where c1 = − k2). Recently some of the present authors showed that, equation (11) can be exactly solved by mapping it to the differential equation f ′′ + af + bf 3 = 0, which is satisfied by elliptic functions f , via a fractional linear transform (FT) [14] . This gives rational solutions of the form A+By δ 1+Dy δ , where δ = 1, 2 and y ′ s are one of the twelve Jacobi elliptic functions; here A, B and D are constants. In the appropriate limits of the modulus parameter, which characterize the elliptic functions, one can find both periodic and localized solutions. Singular solutions also emerge naturally in this analysis, however we concentrate on the localized solutions, in particular, the one with y(ξ) = sech(ξ) and δ = 1.
Considering the solution of the form,
where A, C, D and ζ are real constants, and substituting this in equation (11), one obtains the consistency conditions as:
Here we are having four conditions to fix four variables, which are A, D, C and ζ, hence they can be uniquely determined. Equation (13), yields A . From equation (14) and (15), we can eliminate C, to obtain
. Equation (16) 
Since, D and ζ are known, we have
. Hence all the solution parameters are uniquely determined. Equation (11) implies very interesting consequences on dynamics of the solutions. The presence of a constant term c3 allows both bright and dark solitons. When θ1, θ2, θ4, θ5 > 0 and k2 = √ θ2θ5 one gets the velocity restriction:
if a2a5 > 0; and
if a2a5 < 0. Hence, the group velocity is always restricted by the parameter a1, which is related to ω and α1, the coefficient of dispersion. This may provide a way to control the information transfer rate in the fibre optic communication scheme based on solitons, by designing the fibre accordingly. Equation (11) also possesses periodic trigonometric solutions of the kind:
with a constraint condition c2c3 2 + (c1 + 1) = 0, which actually connects β with other equation parameters. It is worth noting that these solutions have a single frequency, and are optical counterparts of amplitude modulated radio waves (AM) used widely in telecommunication. The nonlinear relation between width and amplitude implies that this system will mix frequency modulation with amplitude modulation and vice versa. This mode if efficiently used can lead to a robust scheme of communication.
Apart from the above mentioned solutions, equation (11) also has solutions of the form
, which are analgous to the kink solutions of the λφ 4 theory. When c3 = 0, one gets solutions which are obtainable from NLSE.
In conclusion, a wide class of solutions of the higher order non-linear Schrodinger equation can be obtained, once the third order dispersion is neglected. The hindrance of the third order dispersion to the existence of solitons have been noted earlier by Zakharaov and Kuznetsov [16] . Very interestingly, the general complex solitons can be obtained by connecting the solution space of HNLSE with that of NLSE with or without sources. Starting from periodic solutions with a single frequency to chirped solitons with amplitude controlled phase are obtained as solutions. For the periodic case, amplitude and frequencies are related; these solutions may find fruitful application for femtosecond optics based communication devices. The kink type solitons may be useful for switching purposes.
